, KJ 2016, 'Assessing the quasi-static conditions for shearing in granular media within the critical state soil mechanics framework ' Soils and Foundations, vol. 56, no. 1, 
Introduction
Significant, fundamental insight into the mechanics underlying the observed complex, non-linear response of granular materials can be gained via numerical simulations using the Discrete Element Method (DEM) (Cundall & Strack, 1979) . Under quasi-static conditions there is no strain rate dependency; establishing general guidelines for the strain rate and material properties required to achieve this is important. Cundall & Strack (1979) suggested that in order to achieve quasi-static conditions, a strain rate should be chosen so that the inertial forces are smaller than the contact forces.
In practice, however, a parametric study is often carried out to select the strain rate below which a consistent response is obtained. Many published research studies do not clearly state the value of the strain rate adopted. Hanley et al (2013) showed that there is a clear sensitivity of the stress-strain response of constant-volume DEM simulations to strain rate; thus, it is evident that attention should be paid to this matter.
The transition from the quasi-static regime where the inertial effect is negligible to the dynamic regime where the inertial effect is significant has been studied widely both numerically (MiDi, 2004; da Cruz et al 2005; Hatano, 2007; Agnolin & Roux, 2007; Peyneau & Roux, 2008; Koval et al, 2009; Radjai & Dubois, 2011; Gimbert et al, 2013; Azema et al, 2014) and experimentally (Kuwano et al, 2013) . Many of these studies used a dimensionless parameter called the inertial number I= εḋ ρ p' ⁄ , to identify different flow regimes, where ̇ is the shear rate, is the mean size of grains in the assembly, ρ is the grain density, and p' is the mean effective stress (da Cruz et al, 2005) . determining the characteristic values of I that separate these quasi-static, dense flow, and dynamic regimes, often using plane shear tests. For example, the boundary between the quasi-static and dense flow regimes varies between I < 1e-4 and I < 1e-1 (Macaro & Utili, 2012; Kuwano et al, 2013) . This study aims to extend these findings from a soil mechanics perspective by investigating the effect of I on the critical state locus (CSL) at both macro and particle-scales, and to propose an upper limit of I that defines the quasi-static state regime when simulating soil mechanics element tests. were also explored at the particle scale by considering the coordination number and the deviatoric fabric.
DEM simulations
Three-dimensional simulations were carried out using a modified version of the open-source code LAMMPS (Plimpton, 1995) . The particle size distribution (PSD) of the numerical assemblies (given in Figure 1 ) approximates that of Toyoura sand (Huang et al, 2014a ). An initially non-contacting cloud of 10,624 particles enclosed by periodic boundaries was generated and then isotropically compressed to various combinations of void ratio and stress state as summarized in Table 1 . The initial density was controlled by changing the inter-particle friction coefficient (µ) during the isotropic compression stage. After the target isotropic stress had been reached, the specimen was then subjected to numerical cycling until p' and the number of contacts became constant, indicating equilibrium.  was subsequently changed to 0.25 which is the value used during shearing. Additional cycles were performed to ensure equilibrium before shearing commenced. Four samples were created at confining pressures ranging from 100 kPa to 5,000 kPa with the void ratio ranging from loose to medium dense.
Following isotropic compression, the samples were sheared under constant p' conditions which gave a constant value of I throughout the shearing process, where I was calculated using the strain rate applied in the direction of the major principal stress ( 1). 1 was specified to give eight different values of I ranging from 5e-4 to 5e-1 as shown in Table 1 . A servo-control algorithm was implemented that determined the 3 needed to keep the constant-p' conditions and thus 3 varied during the shearing stage. The minimum and maximum strain rates in the direction of σ' 3 ( 3) are also included in Table 1 . If 3 were to be considered in the definition of I (i.e. the absolute value of 3), I
could not be kept constant throughout the shearing stage. In previous contributions (i.e. MiDi, 2004; da Cruz et al, 2005 ) the definition for shear rate corresponds to the strain rate in the loading direction
( 1) as adopted in the present study. The loading condition applied to the system is shown in Figure 2 .
A simplified Hertz-Mindlin contact model was used with a shear modulus (G) of 29 GPa, particle
Poisson's ratio (ν) of 0.12 and particle density (ρ) of 2650 kg/m 3 . A local damping coefficient of 0.1 was used in all simulations and gravity was not considered in these periodic cell simulations.
The input values adopted for the shear modulus and Poisson's ratio are consistent with the range of elastic properties of quartz (Simmons & Brace, 1965) . Similar values of Poisson's ratio have been used by other studies (Ng, 2009; Huang et al, 2014a) . For real quartz particles, the friction values are in the range of 0.12 -0.35 as was observed by Senetakis et al (2013) . Furthermore, it was reported by Huang et al (2014b) that using an interparticle friction coefficient higher than 0.5 together with a simplified Hertz-Mindlin contact model will result in a non-physical response.
One of the key assumptions of DEM simulations is that particles are treated as rigid bodies, which are allowed to overlap with other particles at the contact points. Therefore, all overlaps should be small in relation to the particle sizes and thus a maximum overlap ratio of 5% can be considered as an appropriate limit as suggested by Itasca Consulting Group (2007).
Overall response
Figures 3 values; however, the response characteristics at higher stress levels were close to those of loose samples. 
b. Micro-mechanical response
In an attempt to understand the physical basis for the variation in sensitivity of the overall loaddeformation response to I, two particle-scale parameters were analysed: the structural anisotropy (fabric) using the fabric tensor defined by Satake (1982) as:
where N c is the total number of contacts and n i is the unit contact normal. The largest, intermediate and smallest eigenvalues of the fabric tensor are denoted as Φ 1 , Φ 2 and Φ 3 respectively. The deviatoric fabric, Φ 1 -Φ 3 , describes the degree of structural anisotropy. A second parameter is the mechanical coordination number (Z m ) defined as the average number of contacts per particle excluding "rattlers" with zero or one contact (Thornton, 2000) . As reported by Thornton (2000) , samples at the same stress level with differing initial densities tend towards a unique Z m at large strain levels. For this data set (Φ 1 -Φ 3 ) tends towards a unique critical value at large strain levels which is in line with the observations of Guo and Zhao (2013) . converging towards same values at I ≤ 2.5e-3. These data indicate that when the structural anisotropy is higher, fewer load bearing contacts exist in the system. The product of (Φ 1 -Φ 3 ) and Z m gives an indication of the intensity of the contacts acting in the orientation of the major fabric relative to that of contacts oriented in the minor fabric direction (Maeda et al, 2010) . is observed when I ≤ 2.5e-3 showing a critical state structure independent of strain rate.
The connectivity, C, which reflects the number of contacts possessed by each particle (e.g., Shire and O'Sullivan, 2013) was also considered for all tests. The minimum value of C for a particle to be considered (statically) mechanically stable in a frictional system is four (Zhang & Makse, 2004) . For this study, particles with C ≤ 3 are considered unstable. Figure 7 (a) illustrates the frequency of C for various I with p' = 100 kPa, e 0 = 0.616. Figure 7 (b) shows the probability of occurrence of unstable and stable particles against I for various values of p'. For I > 2.5e-3 the proportion of unstable particles increases with increasing I. The distribution of C values is not very sensitive to I for I ≤ 2.5e-3. Thus it seems that as I increases beyond 2.5e-3 the mechanical redundancy of the system is diminished; more particles are accelerating (i.e., the unbalanced forces / inertial effects are no longer negligible) and are thus not in a state of static equilibrium.
Conclusions
This research adds to previous studies by considering the sensitivity of the material response to the inertial number (I) within the critical state soil mechanics framework. Thirty two triaxial test simulations were performed in order to define an upper limit of I for quasi-static simulations independent of strain rate. I has been systematically controlled by specifying different values for the mean effective stress (p') and strain rate ( ), allowing the effect of I be established. The data presented here can be used by DEM analysts to inform decisions about the appropriate strain rate for running DEM simulations of soil mechanics element tests.
A clear dependency of dilatancy on I was found for I > 1e-2 while an indistinguishable response was observed for the cases of I ≤ 2.5e-3. Considering the macro-mechanical critical state relationships, only those tests performed at values of I ≤ 2.5e-3 showed a response which is independent of strain rate (same CSL in the e cs -(p'/p a ) α plane); for higher I values the CSL position depends on I. In terms of the micro-mechanical parameters (Φ 1 -Φ 3 ) and Z m , the samples again exhibited a response independent of strain rate for values of I ≤ 2.5e-3. The data plotted in the (Φ 1 -Φ 3 ) -Z m plane showed a linear relationship. A critical state structure as noticed from the deviator fabric intensity was also found to be independent of strain rate from values of I ≤ 2.5e-3. Similarly there was a marked decrease in the number of particles that are statically redundant, i.e., that have four or more contacts when I > 2.5e-3.
From the results described above it is reasonable to propose a conservative upper limit for quasi-static simulations of I = 2.5e-3 that includes a strain-rate independent response from both macro and micromechanical perspectives. This contribution has demonstrated clearly the sensitivity of the observed stress:deformation response to the applied strain rate in DEM simulations while highlighting the usefulness of considering I as an indicator of quasi-static conditions when selecting a suitable strain rate. Choosing a strain rate based on I is more theoretically justifiable than a trial-and-error procedure varying the strain rate until a consistent response is achieved.
The upper limit proposed for quasi-static simulations is consistent with some of the available literature (MiDi, 2004; da Cruz et al 2005; Koval et al, 2009; Azema et al, 2014) . This newly-acquired data, combined with the existing data in the literature, seems to indicate that the critical I proposed to maintain quasi-static conditions is independent of initial density, type of test and number of particles. For drained and constant volume tests in which p', and consequently I, varies, attention should be paid so that the value of I does not exceed the limit proposed. Guo & Zhao (2014a) and Guo & Zhao (2014b) chose a strain rate for DEM simulations by considering a value of I below the limit proposed in this study. As a guidance for conducting conventional triaxial test using DEM, it is suggested that the strain rate applied in the direction of loading should be carefully chosen based on the I ≤ 2.5e-3 criterion using the expected minimum p' (i.e. p' 0 in a conventional drained simulation or p' at the phase transformation for undrained simulations). 
